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Abstract 

In this paper, we study a class of multi-dimensional reflected backward stochastic differential 
equations when the noise is driven by a Brownian motion and an independent Poisson point process, 
and when the solution is forced to stay in a time-dependent adapted and continuous convex domain 
V = {D tl t € [0,T]}. We prove the existence an uniqueness of the solution, and we also show that 
the solution of such equations may be approximated by backward stochastic differential equations 
with jumps reflected in appropriately defined discretizations of D , via a penalization method. 
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1 Introduction 

In this paper we consider multidimensional reflected backward stochastic differential equations (RBSDEs 

for short) of Wiener- Poisson type (i.e whose noise is driven by a Brownian motion and an independent 

Poisson point process) in time-dependent, random and continuous convex domains. RBSDEs in the 
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case of fixed convex domains were for the first time studied in [3]. Actually, the authors study multi 
dimensional RBSDEs in the case of fixed convex domain C = {Ct,t £ [0, T]}, of the form: 


Y t = £ + 


J f{s,Y s ,Z s )ds-Jt Z s dW s + K t — K t , t £ [0, T], a.s., 


Y t £ D t for t € [0, T] a.s., 

r T 

/ (Y t — X t ) dK t <0, for any continuous progressively-measurable process X t in C, 


( 1 . 1 ) 


where Kf is continuous, increasing and of bounded total variation \K\ satisfying Kq = 0. The last 
condition insures that K is minimal in the sense that it increases only when Y is at the boundary of 
C. In fact, the process K is inward normal to C at Y, precisely K t = J^' rj s d\K\ s such that r] s £ J\f(Y s ) 
and where J\T(Y S ) is the inward normal unit vector to C at y s . Actually, when Y is at the boundary 
it is pushed into the domain along £ M{Y). The authors provide existence and uniqueness for such 
RBSDEs via a penalization method. Later, [T2] extended the result of [3] to the case of jumps (i.e. 
whose noise includes a Poisson random measure part). The author studied RBSDE of Wiener-Poisson 
type in fixed convex domain C, for which he established existence and uniqueness using a penalization 
method. They considered RBSDEs of the following form: 


Y t = £ 


+ jT f{s,Y s ,Z s ,V s ) 


ds — 


Z f 


dW s — f f V s (e)is(de,ds) + Kt — K t , t £ [0,T], a.s., 

Jt Ju 

( 1 . 2 ) 


Y t £ Ct for t £ [0,T] a.s., 

f T 

/ (Y s — X s ,dK s ) < 0 for every adapted cadlag process X s.t. X t £ D t , 

Jo 


such that K is an absolutely continuous process of bounded variation \K\, verifying I\q = 0 and 
increasing only when 1) £ OC'i. Note that the works of [3J and [.12] are inspired by the theory for 
reflected stochastic differential equations, see [10] and m- Recently, in [8] the authors generalized the 
results of [3] to the case of time-dependent, random convex domains and at the same time extended to 
the multidimensional case some one dimensional results for continous or discontinous barriers satisfying 
the so-called Mokobodski’s condition (see p] for its definition). More precisely, the authors considered 
RBSDEs of type (11.111 . but in the case of time-dependent, adapted and cadlag convex domains with 
respect to the Hausdorff metric, for which existence, uniqueness and approximation results are provided. 
After this brief outline on the literature, we will now describe precisely the problem investigated in this 
paper. Motivated by these works, we consider multidimensional RBSDEs of wiener-poisson type in 
time-dependent convex random domains. In fact, we study RBSDEs of type (11.21) but in the case of 
time-dependent, adapted and continuous closed convex domains {V = D t ,t £ [0, T]}. In this work, we 
mainly show the existence and uniqueness of RBSDE with jumps of type (jl.2l) in T> under the following 
assumptions made on £, / and V: 
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• a terminal value £ = (£ 1 ,... , £<j) € D r p 1 which is a square integrable random variable, 

• a coefficient f(t',uj,y,z,v) which is a progressively measurable function, uniformly Lipschitz w.r.t. 

(y,z,v), 

• t —> D t is adapted and continuous with respect to the Hausdorff metric, 

• we can find a semi-martingale A = (At)o<t<T of the class B 2 ( for the definition see Section 2) 
such that At £ IntD t for t £ [0, T] and inf t <r dist(^4*, dD t ) > 0. 

This last condition is assumed similarly as in 0, moreover note that it is an analogue of the Mokobodski’s 
condition. In the proof of the existence, as in [8] we approximate the domain V by piecewise constant 
time-dependent domains T> 3 . j £ N such that T> 3 —>• T> in the Hausdorff metric uniformly in probability 
as j —> oo. Then we prove that each random interval on which V 3 is a constant random set there 
exists a unique solution of some local RBSDE. Piecing the local solutions together we obtain a solution 
{Y 3 ,Z 3 ,V 3 .K 3 ) of RBSDE flTSJ in V 3 . Finally we show that the sequence {(Y 3 , Z 3 ,V 3 , K 3 )} J&i 
converges as j —* oo to (Y. Z, V, K ) solution of RBSDE (11.21) in V. 

We also approximate (Y, Z, V, K ) solution of RBSDE (11.21) in T>, by backward stochastic differential 
equations with jumps reflected in an appropriately dicretizations of T> by using the penalization method. 

In fact our paper generalize on the one hand the results of ]2] as well as ]B] to the case of jumps 
when the domain is time-dependent random and continuous. On the other hand it extends also the 
work of [12] to the case of time-dependent random domains. Furthermore, our work generalizes also 
to the multi-dimensional case, results on one-dimensional RBSDEs with jumps with time dependent 
continuous barriers assuming the Mokobodski’s condition which is considered up to now only in the 
one-dimensional case (see e.g. Euai, and the references therein). 

The paper is organized as follows: Section 2 contains the setting of the problem and assumptions. 
Moreover, we give an Ito-Tanaka formula for cadlag processes and the function x —> \x\ q such that 
q £ (1,2] which is not smooth enough. This result is an extension of [2, Lemma 2.2], [9] Lemma 7] 
and [7, Proposition 2.1] to our framework. In Section 3 we show the existence and uniqueness of the 
solution of RBSDE with jumps in T>. Finally, Section 4 is devoted to the approximation of the solution 
by a Penalization method. 

2 Setting of the problem and assumptions 

Throughout this paper T > 0 is a fixed time horizon, (P, J 7 , (. Ft)t<T , IP, Wt, vt, 0 < t < T) is a complete 
Wiener-Poisson space in lR d x M n \{ 0}, with Levy measure A, i.e., (O, J 7 , P) is a complete probability 
space, (J-), 0 < t < T) is a right continuous increasing family of complete sub a- algebras of J 7 , 
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(Wt, 0 < t < T) is a standard Wiener process in lR d with respect to (Et, 0 < t < T ), and (v t , 0 < t < T) 
is a martingale measure in M n \{ 0} independent of (Wt, 0 < t < T), corresponding to a standard Poisson 
random measure p(t,A). In fact, for any Borel measurable subset of M n \{ 0} such that A(A) < oo, we 
have: 

v t (A) = p(t,A) - A(A), 


where p(t, A) satisfies that 


^■(p(t,A)) = t\(A). 


A(yl) is supposed to be a cr-finite measure on JR m \{ 0} with its Borel field, satisfying that 

/ (1 A |x| 2 )A(d.T) < oo. 

ijR"\{0} 

From now on, U denotes M n \{0} and U its Borel field. Moreover, we assume that 


J-f = a ( I / p(ds, dx) : s < t, A € u \ V a{W s , s < t) V J\f, 

Jax[o,s] J 

where M denotes the totality of the P-null sets of T, and for two given er-fields u\ and U 2 , <Ji V ci 2 
denotes the a-field generated by a\ Uct 2 - All the measurability notions will refer to the above filtration. 

Let V denote the cr-algebra of predictable sets on Q x [0, T], and let us introduce the following spaces 
of processes: 


• S (respectively S c ): the space of of J?"'-valued, J^-adapted and cadlag (respectively continuous) 
processes equipped with the metric 


p(Y,Y') = E 


( sup |Y t -Y/| 2 )Al 

' 0<t<T ' 


• A4: the space of I?? mxrf -valued, ^-progressively measurable processes ( Z t ) 0<t<T such that 
f ( J ||Z s || 2 ds < oo P-a.s, and equipped with the metric 

0(Z,Z') = E 

• C\ the set of mappings V : ft X [0,T] x U —y M m which are V (8) ^/-measurable, such that 
Jq jjj | V s (e)\ \(de)ds < oo P a.s, and equipped with the metric 


\Zo — Z' Q \\ 2 ds) A 1 


zu(V, V') = E 



\V s (e) — V'(e)\ 2 X(de)ds^j 
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• L 2 : the space of R m -valued processes £ , such that 

II«IIl»:=-E[I?I 2 ] 1/2 <+°°. 

• S 2 (respectively S 2 ): the space of R m -valued, Ft -adapted and cadlag (respectively continuous) 
processes (Y t ) 0<t<T suc h that 


||y || 5 2 := E sup 
0 <t<T 

• A 2 : is the subspace of S 2 of non-decreasing processes null at t = 0. 



Ai d ’ 2 : the set of R mxd -valued, .^-progressively measurable processes ( Z t ) 0<t<T such that 


\Z\\M d ’ 2 E \ \Z s \ 2 ds < +oo. 


C 2 \ the set of mappings h : !1 x [0,21 x U —> JR m which are V <g> -measurable, such that 


11^)11* [ \V s (e)\ 2 X(de)d 

Jo Ju 


-1 1/2 

s < +oo. 


C: the space of all bounded closed convex subsets of M m with nonempty interiors endowed with 
the Hausdorff metric 5 , i.e. any H, H' £ C, 

5{H , H') = max ( sup dist(x, H'), sup dist(x, H) ) , (2-1) 

\x€H x&H' J 

where dist(x, H) = inf \x — y\. 

y&H 

B 2 : the space of m-dimensional semimartingales X which has the following canonical decompo¬ 
sition X = M + B. This space is equipped with the following norm 


\\x\\ B , = \\[M]l\\ L , + \\\B\ T \\ LH 


where [M]t is the quadratic variation of M at T and \B\t is the variation of B on the interval 
[0,T], 

Let D be a time-dependent convex domain (Dt is convex for every t £ [0,T]) with non empty interior. 
Let J\fy denote the set of inward normal unit vectors at y £ dD. It is well known that n £ M y iff 
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(y — x, n) < 0. Let Hd(x) denote the projection on D of x £ IR d . 

Next, we will summarize some properties on convex domains that will be used along the paper: 
Lemma 2.1 (see [IT] 1 (a) Let y £ dD, for every x £ D, it holds that 

a £ M y if and only if (y — x, a) < 0. 

(b) If moreover a £ IntD then for every a £ M y , it holds that 

(y — a, a) < —dist(a, dD). 


(c) If dist(x,D) > 0 then there exists a unique y = Llo(j;) £ dG such that \y — x\ = dist(x, D). We 
can observe that (y — x)/\y — x\ £ M y . Moreover, for every a £ IntD, it holds that 

(x — a, y — x) < —dist(a, dD)\y — x\. 


(d) For all x,x' £ M m , it holds that 

(x — x', (X — Il£)(x)) — (x' — Il£)(x / ))) > 0 . 


Now, we state a result on the class of semimartingales defined above. 
Lemma 2.2 (see [13] ^ (a) For a special semimartingale X, 


|X || S 2 < 3 sup 

H predictable, \H \*^1 



rr 

sup 

/ H s dX s 

0 <r<T 

Jo 


<9||X|| S2 . 


L 2 


( 2 . 2 ) 


1 /2 

( 6 ) HXH 52 < c||X || B 2 and ||[X] T ' ||^2 < ||A'||g 2 . Moreover, for any predictable and locally bounded H, 



H s dX s 


<||tf|| 5 2||X|| B 2. 

B 2 


(2.3) 


In this paper, we aim to study existence and uniqueness of solutions to RBSDEs with jumps in time 
dependent convex domains. Next, let us give the notion of such RBSDE. 

A RBSDE with jumps in time dependent convex domains is characterised by the following objects: 


• A family T> = {Dp, t £ [ 0 ,T]} of time-dependent random closed convex subsets of IR m with 
nonempty interiors, such that the process [0, T]3 1 1 ->- D t £ C is J^-adapted. 

• An m-dimensional terminal value £ which is J-T-measurable and takes values in Dp. 
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• A driver function / : [0,T] x x M m x M mxd x L 2 (U,U, X;lR d ) —> M m which is T 5 (g) B(]R m ) 0 
B(JR mxd ) 0 ^-measurable. 

A solution to the corresponding RBSDE with jumps in D is a quadruple (Y t , Z t , Vt, Kt)o<t<T £ <S 2 x 
_A4 d ’ 2 x C 2 x A 2 satisfying that 


(0 


Yt = £ + / f(s, Y s , Z s , V s ) ds — [ Z s dW s 
Jt Jt 

- f f V s (e)v(de, ds) + K T - K t , t e [0,T], a.s., 

Jt Ju 


(ii) Y t 6 D t , t 6 [0,T], a.s., 


(2.4) 


(in) K is a process of locally bounded variation \K\ increasing only when Yt £ dDt, and for every Tt~ 
adapted cadlag process X such that X t £ D t , t £ [0, T], it holds that 



X s ,dK s ) < 0. 


(2.5) 


Assumptions 

In the paper, we will assume the following assumptions. 

(HI) £ € D t , £ £ L 2 . 

(H2) Ef 0 T |/(s, 0,0, 0)| 2 ds < oc. 

(H3) For some C > 0 and all y. y' £ M m , z,z' £ lR mxd ,v,v' £ £ 2 and t £ [0,T], we have 

I f(t,y,z,v) - f(t,y,z',v')\ < C(\y - y'\ + \\z - z'\\ + \v - u'|). 

(H4) For each N £ N the mapping t —> Dt D B(0,N) € C is continuous P- a.s., and there is a senri- 
martingale A = (A t )o<t<T £ B 2 such that A t £ Int-D* for t € [0, T] and 

inf dist(A i ,3Dj) > 0. 
t<T 


In the proof of the existence, we will use the method of penalization, where the approximation of the 
domain T> is done by discrete time-dependent process described below in Lemma 12.41 As explained in 
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Lemma 12.41 studying existence and uniqueness of RBSDE (12.41) turns out to studying existence and 
uniqueness of solutions of local RBSDEs on random intervals in discrete time-dependent domains. First 
let us make precise the notion of local RBSDEs. 

Definition 2.3 Let r and a be two stopping times such that 0 < r < a < T. We say that a quadruple 
( Y,Z,V,K — K t ) of .^-progressively measurable processes on [r, a\ is a solution of the following local 
RBSDE on [r, <r] 

Y t = (+ I"* f(s,Y s ,Z s ,V s )ds- ^ Z s dW s 

Jt Jt 

+K a -K t - f ( V s (e)v(de,ds), t £ [r, «r], a.s., (2.6) 

Jt Ju 

if moreover it satisfies that 

(a) Y t £ D t ,t£ [r,cr], 

(b) K r = 0, K is a continuous process of locally bounded variation \K\f on the interval [r, a] such 
that f^(Y s — X s , dK s ) < 0 for every J^-adapted cadlag process X with values in D. 

We will assume that 

(HI*) (eD,(£L 2 , 

(H2*) E f° \f(s, 0,0,0 )| 2 ds < oo, 

(H3*) For some C > 0 and all y. y' £ M n \ z,z' £ M mxd ,v,v' £ £ 2 and t £ [r, cr], we have 

I f{t,y,z,v) - f{t,y,z',v')\ < C(\y - y'\ + \\z - z'\\ + |u - u'|). 


(H4*) There is an Jv-measurable random variable A £ L 2 such that A £ Int D. 


Now, we propose Lemma 12.41 

Lemma 2.4 Let = 0 < o\ < ... < ct/j+i = T be stopping times and let D°, D ] ...., D k be random 
closed convex subsets of M m with nonempty interiors such that D l is JF a .^measurable. Let (Y, Z,V, K) 
be a quadruple of Ft -progressively measurable processes such that 

(a) f = Yt £ D k , K is a continuous process of locally bounded variation such that K$ = 0, 

(b) on each interval [ui-\, at), i = 1,..., k + 1, we have 

Z s dW s - I * [ V s (e)v(de,ds) + K ai -K t , (2.7) 
Jt Ju 
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Y t = Il D i-i(Y ai ) + £ f(s 


,Y s ,Z s ,V s )ds - 


where Yt G A 1 , 

(c) Jr. ia) {Y a — X s ,dK s ) < 0 for every JFt~adapted cadlag process X such that X t G D l ~ l for 
t £ [&i —11 ) • 

Then, (Y, Z, V, K) is the unique solution of (12.411 with terminal value £ and {A; t G [0, T]} such that 
A = D l ~ l , t G i = l,...,k + l. 

Proof. We should check that (Y, Z, V, K) satisfies conditions of the definition of a solution of (12.411 . 
First, note that Y ai = Ii D i-\(Y ai ), i = 1,..., k, so (Y, Z,V, K) satisfies (12.4p . Since Y t G A, we only 
have to check the last condition, which is (Y s — X s ,dK s ) < 0, for every J^-adapted cadlag process 
X such that X t G A, t G [0,T]. Clearly, by (c) we deduce that 

k+1 p 

(Y s -X s ,dK s )< 0. (2.8) 


Finally, the continuity of the process K ends the proof. 


Further, we will need to apply Ito’s formula to the function x —> \x\ q for q G (1, 2] which is not smooth 
enough. That is why we give the following Ito-Tanaka formula which extends some existing results to our 
framework (precisely, [2 Lemma 2.2] without jumps, [9, Lemma 7] without reflection and [7] Proposition 
2.1] in dimension one). Let us introduce the following notation sgn(x) = x €= hR d . 

Lemma 2.5 Let X be a semimartingale of the form: 

X t = X 0 + [ f s ds+ f Z s dW s + [ dK s + [ [ V s {e)n(de,ds), 0 < t < T. (2.9) 
Jo Jo Jo Jo Ju 

such that t —» ft G M 1 ’ 2 , Z G M d ’ 2 , V G C? and K G A 2 . Then, for any q > 1 we have 

| X t \ q = \X 0 \ q + L t l {q=1} + q I \X s \ q ~ 1 (sgn(X s ), f s ) ds + q C \X s \ q ~ 1 (sgn(X s ), Z s dW s ) 

Jo Jo 

+q [ \X S .\ q - 1 (sgn(X s _),V s {e))n(de 1 ds)+q [ \X s \ q -\sgn(X s ),dK s ) (2.10) 

Jo Jo 

+ [ f \\X s _ + V s (e)\ q -\X s _\ q -q\X s _\ q - l {sgn(X s _),V s {e))}p(de,ds) 

Jo Ju 1 J 

+ | J \X s \ q -H {Xs ^ } [(2 - q) (|| All 2 - (sgn(X s ), Z s Z* s sgn{X s ))) +{q- 1)|Z S | 2 ] ds, 


where {L t ,t G [0, T]} is a continuous, nondecreasing process such that Lq = 0, and which increases only 
on the boundary of the random set {t G [0,T]; X t = X t - = 0}. 

Proof. Since the function x —)• \x\ q is not smooth enough for q G (1,2] to apply Ito’s formula we use 
an approximation. Let e > 0 and consider the function u £ {x ) = (|x | 2 + e 2 ) 1 / 2 ,x G JR m which is smooth. 
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Then, Xuj(x) = qul 2 (x)x and Hess u%{x) = qu\ 2 (x)I+q(q — 2){x®x)u% 4 (x), where I is the identity 
matrix of dR m . Applying Ito’s formula for X , we get 

u q (X t ) = u q (X o) + q f ul~ 2 {X s ){X s , f s ) ds + q f u q ~ 2 {X s )(X s , Z s dW s ) 

Jo Jo 

+q [ [ u q - 2 (X s _)(X s _,V s (e))v(de,ds)+q [ u q ~ 2 (X s )(X s ,dK s ) 

Jo Ju Jo 

1 r i 

+- / trace Z s Z*Hess u q (X s ) ds (2-11) 

2 Jo L J 

[ f k(AV + ^4(e )) 9 - « e (A s _) 9 - qu q - 2 (X s _)(X s _,V s (e))} p(de, ds). 

Jo Ju 1 


+ 


Next, we have to pass to the limit when e —>• 0 in the above identity. As in [21 Lemma 2 . 2 ], the following 
holds for the terms including the first derivative of u e 

[ qu q ~ 2 (X s )(X s ,f s )ds [ q\X s \ q ~ 1 (sgn(X s ),f s )ds, 

Jo Jo 

f qu q - 2 (X s )(X s ,Z s dW s ) -+ f q \X s \ q ~ l (sgn{X s ), Z s dW s ), 

Jo Jo 

qu q ~ 2 (X s _)(X s _,V s (e))u(de,ds ) f q \X s \ q ~ l {sgn(X s _), V s (e))u(de, ds). 



o Ju 


Moreover, by the dominated convergence theorem we have P-a.s for t € [0, T] 

f qu q - 2 (X s )(X s dK s ) -> f qlX^- 1 ( sgn(X s ),dK s ). 

Jo Jo 

On the other hand, thanks to the convexity of u £ and using Fatou’s lemma, the following converge also 
holds at least uniformly on [0, T] in probability 


f [ k(x 

Jo Ju 1 


- + V s (e)) q — u £ (X s _) q — qu q 2 (X S _)(A S _, 14(e)) p(de,ds) 


I+ 14(e )] 9 - |A4 _| 9 - q\X s -\ g 1 (sgn(X s _),V s (e)) p(de,ds). 


>0 Ju L J 

It remains to study the convergence of the term involving the second derivative of u £ , which will be 
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treated as in [21 Lemma 2.2], 


1 r, 

2 h 


trace 


if 


Z s Z*Hess u q e (X s ) 
\X B \ 4 ~ q 


ds 


IQ 


+ 


1 


9(2 “ q) ^kx7) \ x s\ q ~%x a m{\\ z s \\ 2 ~ (sgn(x s ),z s z; 
\Xs\ 4 ~ q 


ds 


q(q - 1) q,y \ \X s \ q 1 W 0}II^II ds + L\{q), 

U £\^-s) 

where, Lf(g) = | J* e 2 \Z s \ 2 ui~ 4 (X s ) ds. Observe that, 

ll^ll 2 > (■ sgn(X s ),Z s Z* s sgn(X s )), 


and 


1**1 


/* l{x s ^o}> as e —> 0 . 


As a by-product, by monotone convergence, as e —>• 0 
q [* \X S \ 4 ~ q 


2 Jo ul(X s ) 
converges to 


|A s r 2 l {Xs -, 0} (2 - q) (\\Z S \\ 2 - (, S gn(X s ),Z s Z* s sgn(X s ))) + (g - 1)||Z ,|| 2 ds, 


Jo 


q ~ 2 l 


{-Y s ^ 0 } 


(2 - q) (\\Z S \\ 2 - ( sgn(X s ), Z a Z>n(X s )» + (g - 1)||Z S || 5 


ds. 


In view of (12.111) and the above convergence results, it follows from arguments in the proofs of [21 Lemma 
2.2] and [9, Lemma 7] that limLf(g) = L t (q) = Lt(g)lr u. Finally, by putting L t = Lf(l) we obtain 
(12.101) , which completes the proof of Lemma 12.51 ■ 

Corollary 2.1 If (Y. Z, V, K ) is a solution of RBSDE (12.41) . q > 1, c(q) = sUttzp/ILl an d 0 < t < r < T. 
Then 

\Y t \ q < \Y r \ q + q T \Y s \ q - 1 (sgn(Y s )J(s,Y s ,Z s ,V s ))ds-q I \X s \ q ~ 1 {sgn(X s ),Z s dW s ) 

Jt Jt 

-q r |X s _| 9 - 1 (sgn(A s _),C s (e))z/(de,ds)+g f | X s \ q - l {sgn{X s ),dK s ) (2.12) 

Jt Jt 

-c(q ) f f |C s (e)| 2 [|y s _| 2 V|y s _ + F,( e )| 2 l §_1 ll {ys ^o}P(rfe,ds) 

Jt Ju 1 J 

pr 


-c(q) £ \Y s \ q -H {Ysm \\Z s \\ 2 ds. 
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Proof. By Lemma 12.51 it follows immediately that 


\Y t \ q < \Y r \ q + q f \Y s \ q -\sgn{Y s ),f( S ,Y s ,Z s ,V s ))ds-q f \Y s \ q - 1 { S gn{Y s ),Z s dW s ) 

Jt Jt 

-q I \Y s ^\ q ~ 1 {sgn{Y s _),V s {e))v{de,ds) +q [ \Y s \ q ~ 1 (sgn(X s ),dK s ) (2.13) 

Jt Jt 

\Y S . + V s {e)\ q - \Y s _\ q - g|y^|''- 1 ( S5 n(y s _),P s (e))l p(de,ds) 



it Ju L 

-c(q) £ \Y s \ q -H {Ysm \\Z s f ds. 

On the other hand, by m Lemma 8] it holds that 

\Ys- + V s (e)\ q - |y s -| 9 - q\Y s _\ q ~ 1 (sgn(Y s ^),V s (e)) p(de,ds ) 
|y s (e )| 2 [|y s -| 2 V |y s _ + y s (e)| 2 j §_i ii {ys _^ 0 } p( ( ie,d s ). 



it Ju L 


> c(q) 



t JU 


(2.14) 


Finally, combining (12.131) with (|2.14l) yields (|2.12|) . which completes the proof. ■ 

After these preliminaries, in the following section we are going to tackle the issue of the existence 
and uniqueness of the solution of RBSDE (12.41) in T>. 


3 Existence of solutions of RBSDE (12.41) 


The aim of this section is to show the following result which is the existence and uniqueness of the 
solution of RBSDE (12.41) . 

Theorem 3.1 Assume (H1)-(H4) are satisfied. Then, there exists a unique solution (Y, Z,V, K) € 
S 2 x M dy2 xC 2 x A 2 of the RBSDE (E2D in V. 

Firstly, we establish a priori estimates of the solution of RBSDE (12.41) in T>. 


3.1 A priori estimates 

Lemma 3.2 Assume (H1)-(H4). If (Y, Z, V, I\) is a solution of (12.41) such that Y G S 2 then there exists 
C > 0 depending only on the Lipschitz constant and T such that 


sup |y t | 2 + f \\Z S || 2 ds + [ f \V s (e)\ 2 X(e)(ds) 
o <t<T Jo Jo Ju 


C 


E 


f sup |Ah| 2 + [ dist(A s , dD s ) d\K\ 
o <t<T Jo 

(l£| 2 + J o \f(s,0,0)\ 2 ds) + \\A\\l 


(3.1) 
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Proof. We first show the following: 


( T T T 

I \\Z s \\ 2 ds+ [ [ \V s (e)\ 2 \(e)(ds) + sup \K t \ 2 + [ dist(A s , dD s )d\K\ s 

Jo Jo Ju o <t<T Jo 


< C 


E sup | Y t \ z + 

\0 <t<T JO 


J \f(s,0,0,0)\ 2 ds j + ||A||| 2 


where C > 0 is a constant. Since there is a lack of integrability of the processes (Z, V ) we are proceeding 
by localization. Actually, for k £ N let us set: 

Tfc = inf{t > 0; f ||Z s || 2 ds+ f ( \V s (e)\ 2 \de(ds) > k} A T. 

Jo Jo Ju 


By Ito’s formula, 


fTk 

l^o | 2 + 

Jo 


\Z S \\ 2 ds + 


fTfc 


>0 Ju 


|Vs(e)| 2 p{de,ds) 


= | Y Tk | 2 + 2 (Y s , /(a, Y a , Z s , V 8 )) ds - 2 P {Y a , Z s dW s ) 

Jo Jo 

{Y s ,V s (e))u(de,ds)+2 [ ” (Y a ,dK a ). 

r Jo 

By the Lipschitz property of /, we have that 


/'Tk 

1 0 JU 


(3.2) 


2 (Y s n J(s,Y s ,Z s ,V s )) < (1 + 2C + AC 2 )\Y S \ 2 + \f{s^M 2 + \\Zs\ 2 + \ j^Vsie^X^de). (3.3) 


Note that 




(Y s — A s , dK a 



(A s ,dK s ). 


Next, note that by Lemma [2TT1 (b) and the fact that dK t = ny t d\K\ t , we get 



A s , dl\ s 



dist(A s ,5D s )d|iL| s . 


Moreover, by the integration by parts formula, we obtain 



dK s ) — A Tk K Tk + 


rrk 


{-K s ,dAg ). 


(3.4) 


(3.5) 


(3.6) 
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Now going back to (13.21) . and in view of (13.31) . (13.41) . (13.51) and (13.61) we deduce, for some constant C\ > 0 


< 


|y 0 | 2 + J r \\Z s \\ 2 ds+ l - r [ \V s (e)\ 2 p(de,ds) 

1 Jo 1 Jo Ju 

\Y Tk \ 2 + C l [ Tk \Y s \ 2 ds+ [ Tk \f(s,0,0,0)\ 2 ds-2 [ T \y s , 

Jo Jo Jo 

-2 [ f (Y s _,V s (e))v(de, ds) - 2 f dist(4s, dD s )d\K\ 
Jr Ju Jo 


ZsdW s ) 


s 


+ 2 A Tk K Tk 



dA s ), 


which implies that 


r T k r T k r r T k 

/ \\Z s \\ 2 ds + / / \V s (e)\ 2 p(de, ds) + 4 / dist(^ s , dD s )d\K \ 

Jo Jo Ju Jo 


2 |y 0 r+ / \\z a 

/ 0 Jo JU 

r T k r T k 

< 2\Y Tk \ 2 + Ci / \Y s \ 2 ds + 2 |/(s, 0,0, 0)| 2 ds + 4 sup | K Tk \ sup \A t \ 

Jo Jo 0 <t<r k 0 <t<T 

( t ' r k r T k r T k 


(3.7) 


+4 [ Tk (K s ,dA s )-2 [ k (Y s ,Z s dW s ) -2 [ * [ (Y s _,V s (e))v(de, ds). 
Jo Jo Jo Ju 


But since K t = Y$ — Yt — fg f(s, Y s , Z S ,V S ) ds + fg Z s dW s + Jg f v V s {e)u{de. ds), then using the Lipschitz 
property of /, we get 


sup \K t \ < (2 +Ci T) sup \Y t \+ [ \f(s,0,0,0)\ds + C r \Z s \ds + C [ \V a \X(e)(ds) 

0 <t<T k 0 <t<Tk Jo Jo Jo Ju 


+ sup 

0 <t<Tk 


0 <t<Tk 
t 

Z s dW. 


L 


+ sup 

0<t<Tk 



0 JU 


V s v(de, ds) 


Thus, taking the square and then the expectation in both sides of the last inequality and making use 
of Jensen inequality, yields 


E f sup \K t \ 2 

Vo <t<T k 

< (2 + CiT)E f sup \Y t \A+E([ \f(s,0,0,0)\ 2 ds] ds + CE( [ k \Z s \ 2 ds 

\0<t<T k J \J 0 / \J 0 


+CE( I ' i |Vs| 2 A(e)(<is) ] + E ( sup 
'o Ju J Vo <t<r k 


f 

Jo 


Z a dW a 


+ E sup 

\0<t<T k 


n V s u(de, ds) 

T 


14 










Since / 0 <ATfe (Y s , Z s dW s ) and J 0 tArfc J u (Y s ^,V s (e))u(de, ds) are uniformly integrable martingales, we de¬ 
duce by applying Burkholder-Davis-Gundy’s inequality that, for some constant C 2 > 0 


eT sup {Ktl 2 ] 

Vo <t<r k J 


< C 2 E sup \Y t \ 2 + 
Vo <t<Tk 


(3.8) 


pT PTk 

/ |/( s ) 0,0, 0)|~ds + / \Z s \ 2 ds + 

J 0 Jo 


r T k 


/o Ju 


\V s \ 2 X(e)(ds] 


On the other hand, note that 


E 


[ Tk (K Sl dA s ) 

Jo 


<c\\K\\^\\A\\^. 


(3.9) 


Next, taking expectation in (13.71) . and in view of (13.81) and (13.91) . we obtain that there is a constant 
C3 > 0 such that 


E 

< C 3 


r T k r T k r r T k 

/ \\Z s \\ 2 ds + 2 / \V s (e)\ 2 X(e)(ds)+A dist(A a , dD s )d\K\ 

Jo Jo Ju Jo 

r T 


E 


sup \Y t \ 2 + [ |/(s, 0,0, 0)| 2 ds + sup |^| 2 ] + 
.0 <t<r k Jo 0 <t<T j 


(3.10) 


+(2C7 2 ) _1 E ( 


sup \K t \ 

\0<t<Tk 


note that, we have used above the fact that E [JJ* (Y s , Z s dW a )] and 

E [J 0 Tfc fu(Y s , V 8 {e))v(de, ds)] are equal to zero, since /g Arfe (Y s , Z s dW s ) and 

j'f-j(Y s , V s (e))is(de, ds ) are uniformly integrable martingales. Therefore, in view of (13.81) and (13.101) . 

and having in mind that E[ sup \A t \ 2 ] < ||^4||g2 then letting k —>• +00, we get 

0 <t<T 


E 


< C 4 


\Z s \f ds + 


/0 Ju 


E 


|14(e)| 2 A(e)(ds) + sup |iV t | 2 + [ dist(A,, dD s )d\K\ s 
0 <t<T Jo 

sup \Y t \ 2 + [ |/(s,0,0,0)| 2 ds ) + ||A|| 2 
<t<T Jo / 


(3.11) 


where C4 > 0 is a constant, which is the desired result. 
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Next we will estimate E 


( sup |li| 2 ]. To this end, we apply Ito’s formula to |Yj| 2 for t G [0, T], 
\o<t<T J 

gives 


\Yt\ + J || Z 8 fds + 

rT 


rT 

It. JU 


\V s (e)\ 2 p(de,ds) 

T 


= |e| 2 + 2 / (Y s J(s,Y s ,Z s ,V s ))ds- 2 / (Y s ,Z s dW s ) + 2 [ ( Y s ,dK s ) 

Jt Jt Jt 


-2 


(Y s -,V s (e))i/(de,ds). 


it JU 

From (13.31) . (13.4|) and (13. 5 1) . we get 
\Y t \ 2 + J T \\Z s \\ 2 ds + 

rT 


rT 
't JU 


\V s (e)\ 2 p(de,ds) 

T 


< |£| 2 + / |/(s, 0,0,0)| 2 ds + Ci I \Y s \ 2 ds + 2 sup 

Jo Jt 0 <t<: 


+^^ T f u \ v s (e)\ 2 X(e)(ds) -2 J* (Y s ,Z s dW s ) -2 J (Y a -,V a {e))v{de,ds). 


0 <t<T 
- 2 


(A s , dK s ) 


(3.12) 


+ 2 / W Z ^ ds 


Since Jq(Ys, Z s dW s ) and f u (Y s ,V s (e))u(de,ds) are uniformly integrable martingales, then taking 
expectation in the last inequality yields 

E|F t | 2 + ±EjT \\Z s \\ 2 ds + £ f \Vs(e)\ 2 X (de)(ds) 

< E|£| 2 + e/ |/(s,0,0,0)| 2 ds + CiE [ \Y s \ 2 ds + 2 sup | [ {A s ,dK s )\. 

Jo Jt 0 <t<T Jo 


Consequently, 


E J 

fT \\Z s \\ 2 ds + E r [ \V s (e)\ 2 \(de)(ds) 

Jt Ju 


< 2E 

|£| 2 + [ |/(s,0,0,0)| 2 ds + Ci [ \Y s \ 2 ds + 2 sup 
Jo Jt 0 <t<T 

f* (A s ,dK s ) 
Jo 


Going back to (13.121) . we obtain 


(3.13) 
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(3.14) 



















Then, by applying the Burkholder-Davis-Gundy’s inequality to the two last terms of the right hand side 
of the previous inequality, we get 


< 


< 


E sup 

\t<s<T 


+ E sup 

\ t<s<T 


f ( Y r ,Z r dW r ) 

J S 

|y s | 2 ||z s ||W) +c 6 e(^ 

-e( sup |Yt | 2 ) +4C|E [ ||Z s || 2 ds + 4C|E 
2 \t<s<T J Jt 


[ [ {Y r ,V r (e))v(de,dr ) 

Js Ju 


i: 


,T f \ 1/2 

I I \Y s _\ 2 \\V s \\ 2 \(de)(ds) 
t Ju 


it Ju 


||^|| 2 A(de)(rf S ). 


Then, substituting the above estimate in (13.141) . then taking in consideration (13.131) . we obtain 


E ( sup |Y,| 

\t<s<T 


< 2E 


l£| 2 + [ |/(s, 0,0, 0 )| 2 ds + C\ f \Y s \ 2 ds + 2 sup | [ ( A s ,dK s )\ 
Jo Jt 0 <t<T Jo 

+Je sup |T t | 2 + 4(7|E [ ||Z s || 2 ds + 4C|E [ [ \\V S \\ 2 \{de)(ds). 

2 t<s<T Jo Jo Ju 


< (2 + 4 Cl + 4C|)E 


|^| 2 + [ |/(s, 0,0, 0)| 2 ds + Ci [ |y s | 2 ds + 2 sup f ( A s ,dK s ) 
Jo Jt 0 <t<T Jo 


+Ci(2 + 4 C 2 + 4 C 2 ) [ T |y s | 2 ds + \E ( sup \Y t \ 2 
Jt 2 \t<s<T 

Thus, there are positive constants C 7 and Cs such that 


E 


sup 

\t<s<T 



< c 7 e 


l?l 2 + 



|/(s, 0,0, 0)| 2 ds + 2 sup 
0 <t<T 




( sup 

s<r<T 


| Y r 


ds. 


As a by-product applying Gronwall’s Lemma and letting t = 0, we deduce that 


E 


sup 

\0<s<T 




rT 

rt 

< C 7 e CsT E 

\a\ 2 + 

\f (s, 0,0, 0)j 2 ds T 2 sup 

/ (A a ,dK a ) 


Jo 

0 <t<T 

Jo 


(3.15) 


From earlier arguments, the following estimate holds true, for some constant Cg > 0 


E 



< 


1 

4C4C7 


e“ C8T E 


sup 

\ 0 <t<T 





(3.16) 
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Finally, combining (13.151) together with estimates (13.161) and (13.111) . it follows that 


< 


E sup \Y S \ 2 

\0<s<T ) 

(c 7 e c * T + £) E £\ 2 + £ |/(s, 0,0, 0 )| 2 ds'j + ^E f sup^|r s | 2 j + ±C 7 C 9 e c * T \\A\\ 2 B2 . 


Consequently, we deduce that 

E (|£| 2 + J |/( s , 0 , 0 , 0)| 2 ds'j + || A ||| 2 , 

for some constant C > 0 independent of n. This completes the proof of Lemma 13.21 . ■ 


E 


sup \Y S 

\0 <s<T 


s\ JS 


< c 


Let V = {D[,t £ [0,T]} be another family of time-dependent convex domains with nonempty 
interiors satisfying (H4) with some semimartingale A'. Let us consider RBSDE in V of the form 

Yt = ?+ I T }{sX,Z' a X)ds- [ T Z' s dW s 


+K' r - K[ - 


>u 


Vg{e)v(de , ds), 0 < t < T. 


(3.17) 


Lemma 3.3 Let (Y, Z,V, K), (Y 7 , Z',V ', K') be solutions of (12.41) and (13.171) . respectively, such that 
Y, Y' £ S 2 . Set Y = Y — Y', Z = Z — Z', V = V — V' and K = K — K'. If f satisfies (H3) then for 
every q £ (1,2] there exists a constant C > 0 depending only on the Lipschitz constant and T such that 
for every stopping time a such that 0 < a < T, we have 

e (sup \Y t \i + £ inr 2 i { ^ 0} ii^ii 2 ds+£ J \z-\ q - 2 ^Y s _m\ v ^\ 2x ^ d £ 

< ce £„\ q + £ \Y s \ q ~ 2 \u Da (Yf) - Yf\i {Y ,£ Ds} d\K\ s + £ |F s | 9 - 2 |n D /(y s ) - Y s \i {Ysm} d\K'\ s ^ . 

Proof. Applying Corollary 12.11 for q £ (1,2] on [t A a , <r] such that t £ [0, T], we obtain: 

+ r |nr 2 l { y^0}II^H 2 ^ + ^ 1 ^ r I \Y s -r 2 ^ { Y a _ m \Vs\ 2 p(de,ds) 

^ JtAcr ^ JtAcr JU 

< \Y a \ q + q r I Y s \ q - l (sgn{Y s ), f(s,Y s ,Z s ,V s ) - f{s,YfiZ' s X)) ds 

J tAcr 

-q T \Y s \ g - 1 (sgn(Y s ),Z s dW s )-q T f \Y s -\ Vi(e))i/(de,da) (3.18) 

J tAcr J tAcr J U 

+q r I YsF-'isgnCYsfidKs). 

J tAcr 
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Thanks to the Lipschitz property of /, we have for some C\ > 0 


q r I Y s \ q -\sgn(Y s )J(s,Y s ,Z s ,V 8 )-f{sX,Z' s X))ds 

J tAa 

< C i f | Y s \ q ds + ^-^- r \Y s r\y sm \\Z s f ds (3.19) 

J tAa J tAa 

+ 9(9_ 1 l) ££ £ |y s _| 9 - 2 l { i> _ #0} |r s {e)| 2 A(de) <fc. 


Note that, 


r |y s r 1 ( S 5 n(y s ),^ s )= r |n|«- 2 iL {Y ^ y , } (y s ,^ s ). 

J tAa J tAa 


(3.20) 


Next, rearranging (13.1811 in view of (|3.19l) and (|3.20f> . yields that for t € [0,T] 


9(9-1) 


tAa J U 


< 


\Y,^\- + q -^—^ r Rr 2 l (S > iW) ||Z s || 2 A + 

^ J tAa 

I %\ q + qCi f \Y sA(y \ q ds - q ^ \Y s \ q -\sgn(Y s ),Z s dW s ) 

J t J tAa 

\Y s .\ q - l {sgn{Y s A,V s ^))Ad^ds) + q f° \Y s \ q ~ 2 \ {Ys ^ Y , } {Y s ,dK s ). 


\Y s _r z l { y s _ m \V s \ z p(de,ds) 

(3.21) 


t Act J U 


Now, we focus on the last term of the right hand side of the above inequality. We have 


{Y s , dK s ) = (Y s - n Ds (Yj), dK s ) + (Yj - 11^ (Y s ),dK') 

+(n : d .(YJ) - YJ , dK s ) + (U D ,(Y s n ) - Y s , dK ' s ) 

< |nD s (^0 - + \n D '(Y a ) - Y s \d\K'\ s . (3.22) 

Consequently, we deduce that 

sup r \Y s \ q - 2 l {Ys ^ Y ' } (Y s ,dK s ) 

0 <t<T J tAa 

< r \Ys\ q - 2 \H Ds (Y:)-Y'\l {Y ^ Ds} d\K\ s + r\Y s \ q ~ 2 \U D/s (Y s ) - Y s \l {Vam} d\K'\ s . (3.23) 
Jo Jo 

Going back to (13.211) . and taking into account estimate (13.231) . we get 

I" lY,rH Km \\zA\ 2 d s + q JiY-Y f f |r,_|«- 2 i w _^ ) |F s | 2 P (*,*) 

^ JtAa ^ JtAaJU 

< {Y^ + qCxf \Y S Aa\ q ds-q r iZr'isgniY^JsdWs) 

J t J tAa 

-q r [ | Y s -\ q - 1 (sgn(Y s -),V s {e)Mde,ds)+q \Y s \ q ~ 2 \U Ds (Y') - Y^\l {Y ^ Ds} d\K\ s 
J tAa J U JO 

+q r \Y s \ q - 2 \U D ,(Y s ) - Y s \l {Ysm} d\K'\ s . 

Jo 
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Since Jq A \Y s \ q 1 (sgnY s , Z s dW s ) and Jq Act f u \Y' s -\ q 1 (sgn(Y s -), V s (e))u(de, ds) are uniformly integrable 
martingales, then taking expectation in the last inequality yields that 


9(9-1) 


r \ y 8 

J tAa 


9 - 2-1 


{ y sm \\Z s \\ 2 ds + ^-^ T [ \Y s _\ q - 2 l { y s _ m \V s \ 2 p(de,ds) 
^ J tAa J U 


< E|F ct | 9 + qC\E, / \Y sAa \ q ds + qE 


uo 


\Y s \ q ~ 2 \n Ds (Y:) - Y'\t { Y^ Da} d\K\ & 


(3.24) 


+gE 


r (Y s ) - Y s \l { y sm d\K'\ 

Jo 


Going back to (13.211) . we have 


E sup |Y sAct | 9 

\ t<s<T 


< 


E\Y a \ q + qC L E [ T \Y S Ao\ q ds + q [° \Y a \ q ~ 2 \nD.(Ys) - Y'\l {Y , m} d\K\ s 

Jt Jo 


(3.25) 


+q \Y s \ q - 2 \U D ,(Y s )-Y s \l {Ysm} d\K'\ s +qE[ sup 

JO \t<s<T 


j \Y r \ q ~ l (sgn{Y r ),Z r dW r ) 
J sAo 


+gE sup 

\ t<s<T 


' sAu J U 


f \Y r _\ q 1 (sgn(Y r -),V r (e))i'(de, dr) 

Ju 


Again, since / 0 fA<T \Y s \ q ~ l (sgnY Sl Z s dW s ) and f^ Aa j v |Yg_| 9_1 (sgn.(Ys_), V s (e))v{de, ds) are uniformly 
integrable martingales, then applying Burkholder-Davis-Gundy’s inequality to the last terms of the 
above inequality, yields that for some constants C 2 , C 3 > 0 


< 


< 


E 



( sgn(Y r ), Z r dW r ) 



|Y r _| 9 1 (sgn(Y r -), V r (e))u(de, dr) 


/ per \ 1/2 / rcr r _ \ 1/2 

C &{J \Ys\ 2q - 2 hY 3m \\Zs\\ 2 ds\ +G 3 EMf Jv \Y s -\ 2q - 2 ^-{Y a _^o } \\V s \\ 2 \(de)(ds)J 

Je( sup |Y sA(T | 2 ) +4C7|E f 7 \Y s \ q -%y, 0} \\Z s \\ 2 ds 

1 \t<s<T J J tAa 

+4C|E r [ \Y s _\ q -H { Y s _^ } \\V s \\ 2 X(de)(ds). 

J tAa J U 


(3.26) 


Therefore, substituting (13.261) in (13.251) and taking into accout (13.241) . we deduce that there exist con¬ 
stants C4, C 5 > 0 such that 


E sup \Y sAa \ q < C 4 E 

\t<s<T / 


\%\ q + r \Y s \ q ~ 2 \n Ds (Y') - Y^ {Y , iDa} d\K\ s 
Jo 


+ / \Y s \ q ~ 2 \Il D ,(Y s ) - Y s \t { Y 3m} d\K'\ 


+ C 5 E sup |Y rA(T | g ds. 

Jt V s<r<T I 
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Finally, by Gronwall’s lemma we conclude that 


E 


sup 

\ 0 <t<T 



< G 4 e CsT E 


%\ q + r \Y s r 2 \U Ds (Y^) - Y^ {Y , iDs} d\K\ s 
Jo 

+ [ a |y s | 9_2 |n D /(y s ) - Y s \i {Vsm} d\K'\ 

Jo 


Observing that E 
Lemma 13.31 


sup|F t | 9 

t<a 


= E 


( sup 

0 <t<T 



and putting t 


0 in (13.241) completes the proof of 


In order to study the problem of existence of solutions of RBSDE (12.41) . we shall first study the issue 
of existence and uniqueness of local RBSDEs on closed random intervals. An existence and uniqueness 
results as well as bounds of such RBSDEs are given in the next subsection. 


3.2 Local RBSDE 

3.2.1 A priori estimate 

In this subsection, we give estimates for the solutions of local RBSDEs (12.61) . We refrain from giving 
the proofs of the following Lemmas, since they can be obtained respectively by mimicking the same 
argumentation as in Lemmas 13.21 and 13.31 for q = 2. 


Lemma 3.4 Assume (H1*)-(H4*) hold true. If (Y, Z,V, K — K T ) is a solution of (12.61) such that 
sup T<t<(J 1| £ L 2 then there exists C > 0 depending only on the Lipschitz constant and T such that 


E 

< CTE 


sup \Y t \ 2 + [ \\Z s \\ 2 ds+ f f |E s (e)| 2 A(e)(<Ls) + f dist(A s , dD s )d\K\ s /F 1 

JT JT JU «/ T 

\(\ 2 + \A\ 2 + £\f(s,0,0,0)\ 2 ds/F T 


(3.27) 


Let D' be another Jv-measurable random convex set with nonempty interior, f £ L 2 be an T a - 
measurable random variable such that Cf € D' P- a.s. and there is an Jv-measurable random variable 
A' £ L 2 such that A' £ Int D'. Consider the local RBSDE on [r, a] of the form 

Y{ = C+ r f(s,Y',KX)ds- r Z' s dw s 
■It Jt 

+K - K[ - r f V'{e)u(de, ds), t £ [r, a]. (3.28) 

Jt Ju 
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Lemma 3.5 Let (Y. Z, V.K), (Y 1 , Z', V', K') be solutions of (12.61) and (13.281) respectively, such that 
Y, Y' eS 2 . Set Y = Y — Y 1 , Z = Z — Z', V = V — V' and K = K — K 1 . If f satisfies (H3) then there 
exists C > 0 depending only on the Lipschitz constant and T such that 

e( sup \Y t \ 2 + r \\Z s \\ 2 ds + r f |y s (e)| 2 A(e)(ds)/7; N ) 

\T<t<t7 Jr Jr Jjj J 

< Ce (|£| 2 + sup \H Dt {Y() - y/| \K\% + sup \Ii D[ (Y t )-Y t \\K’If/TrY 


Now we are able to state the main result of this subsection which is the existence and uniqueness of 
solutions of local RBSDE (12.61) . but we will need the following additional assumption: 


There exists N € N such that D C B(0, N). 


(3.29) 


Theorem 3.6 Assume that (HI*) — (HA*) and (13.291) are satisfied. Then there exists a unique solution 
(Y, Z , V, K) €S 2 x M d ’ 2 x C 2 x A 2 of the RBSDE (ESD in V. 

Proof. The uniqueness follows immediately from Lemma 13.51 Let us now, prove the existence. To do 
so we shall first consider the particular case where D is nonrandom, then we will treat the general case 
where this time D is a random time-dependent convex domain. 

The particular Case: D is fixed and nonrandom. 

To prove the existence, we first assume that D is nonrandom, i.e., D = G, where G is some fixed convex 
set with nonempty interior. Set g(s, -,•,•) = /(s, •, •,-)l[o i0 .[(s). By [T2J Theorem 2.1] there exists a 
solution (y, Z, V, K) of the following RBSDE in G 

Y t = C + J* g(s,Y a ,Z s , V a ) ds- 


i: 


z, dW s + I<T ~ Kt - 


f f V s (e)u(de,ds), f £ [0,T], (3.30) 

Jt Ju 


Moreover, since Y t = £, Z t = 0, V) = 0 and Kt = K t for t > a, it is clear that for any r < a the triple 
(Y, Z, V, K — K t ) is also a solution of the local RBSDE (12.61) on [r, o\. 

The general case: D is random and time-dependent. 

It is well known that in the space CC\B( 0, N) there exists a countable dense set {G\, G 2 , ■ ■ ■ } of convex 
polyhedrons such that Gi C B(0,N), i £ H. Actually we have already shown in the first part of the 
proof that, for each i € N there exists a solution (Y l , Z l , V *, K l ) of the local RBSDE in Gi with terminal 
value (i = n Gi (C). Set C{ = {p(Gi,D) < 1 /j} and 

C\ = {p(Gi, D) < 1 /j, p(Gi,D) > 1 /j,..., p(G 3 i _ 1 , D) > 1/j}, i = 2,3,... 
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Furthermore, for j G N set 


C j Vn f .( C )i r ,, I).i ^('1 


cl 


2—1 


2 — 1 


Since Cj € T r for z G N, (Y J , Z\ V\K^) = X^i(^; %ii V, Ki)l r j is a solution of the local RBSDE i 

V'i 

D J with terminal value C , 3 . Set 


A j = 


A, 


if dist(A, <9A>) > 1/j, 


di G IntGj, if dist(A, dD ) < 1/j and D 3 = Gj, i G N, 


and observe that \C 3 \ < A" and \A 3 \ < N, j G N. We will approximate (Y, Z,V, K) solution of RBSDE 
(12.61) in D by (Y J , Z J , V 3 , K 3 ) solution of the following local RBSDE in D 3 


*7=C + r f(s,Yj,Zi, V*) ds- [ 

Jt Jt 

By Lemma m we have the following estimates of the solutions 


zy n dW s — / / Y s (e)z/(de, ds) + AT/ - K 3 , t G [r, a], (3.31) 

t Jt Ju 


E sup \Y 3 \ 2 + / ||Y/|| 2 ds + / / |Y/(e)| 2 A(e)(d S ; 

\r<t<(7 Jt Jt Ju 


c 


N 2 + e(£ \f(s,0,0,0)\ 2 ds/T T ) 


and 


E (|iF^/A r ) < C f inf CT dist(4,9^') 


-1 r 


iV 2 + E / |/(s,0,0,0)| 2 ds/.F T 


(3.32) 


Since P(dist(vl, (LD) > 1/j) f 1 and dist(GF, <9ZY) > dist(A, 3D) — i if dist(A,<9A>) > j, then 


(E (\K 3 \°/T t ) ,j GN} is bounded in probability. 


(3.33) 


Next, we show that (Y 3 , Z 3 , V 3 , K 3 ) is a Cauchy sequence. 
For any i.j G N, we get by Lemma FTo! that 


E ( sup \Y 3 -Y 3+i \ 2 + ^ \\Zi-Zi+ i \\ 2 ds+ I" [ \V 3 (e)-V 3+i (e)\ 2 \(e)(ds)/T r 

\r<t<cr Jt Jt Ju 

E 


c 


(| C i _ C, j+l \ 2 /T T ) + 6(D 3 , D 3+i )E(\K 3 \" + I K 3+i \°/T r 


(3.34) 


Now, since for z G N 1C- 5 — ( 3+l \ < j and 5{D 3 ,D 3+l ) < j. As a by-product, combining (13.331) and (13.341) 
then letting j and i goes to infinity yields that ( Y 3 , Z 3 , V 3 , A- 7 ) is a Cauchy sequence on [r, a\ in the 
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space S x V x C x S c . Setting Y := lim Y 3 , Z := lim Z 3 and V := lim V 3 such that 

H-oo ji—>-+oo j—H-oo 


E sup \Y t 3 - Ytf + / ||Z'-Z s fd* + / / |y/(e)-y(e)|^A(e)(ds)/JV , -^_> +00 

\r<t<a Jt Jt Ju J 

Moreover, by Lemma 13.41 the limit triple of processes (Y, Z, Y) satisfies the following 


0 . 


E ( sup \Y t \ + 

\T<t<(T 


IZ, 


ds + J J \V s (e)\ 2 \{e){ds)/< +oo. 


Now, returning to RBSDE (13,311) satisfied by ( Y 3 , Z 3 , V 3 ), and using the above discussions, we deduce 

that there exists a limit I\t such that Kf = lim K-[. That is, 

j— H-oo 


E ( sup |Kf - K t | 2 ) = 0, as j goes to + 

\r<t<a J 


OC. 


Thus, since (. K 3 ) T < t < a is continuous then ( K t ) T <t<a is continuous, and ( Y t ) T <t< a is cadlag . Obviously, 
(Y, Z, V, K) satisfies the following equation: 


^t = c + 


r f( S ,Y S , z s ,v s ) ds- r 

jt Jt 


Z s dW s + K a - K t - 


/ V s (e)i , (de,ds), [r,a]. 

Ju 


Next, since Y 3 G D 3 and 5(D 3 t ,D t ) < i then 


dist (Y 3 ,D t ) < dist (Y 3 ,D 3 ) + 


Letting j —> +oo, it follows that Y n G D. 

By Fatou’s Lemma and (I3.32p . we get by arguments already used that 


{E (\K\°/F r ) ,j G N} is bounded in probability. 


(3.35) 


It remains to show that, for every (J^-adapted cadlag process X with values in D, the following relation 
holds 

j (Y s -X s ,dK s )< 0. (3.36) 

Clearly, for every (J^-adapted cadlag process X with values in D 3 , it holds that 


{Y 3 -X u dK 3 )< 0, tG[r,4 
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Hence, we have that j"(Y/ — X t ,dK 3 t ) < 0. We can easily show that, by arguments used previously 
that when letting j —> +oo we obtain that X £ D. Then, applying Lemma 5.8 in |5] when j goes to 


+oo yields that 



Consequently, (|3.36l) follows. The proof of Theorem 13.61 is now complete. 


Now, we are able to prove the main result of this section which is the existence of solution of RBSDE 
(12.41) in V. 

3.3 Proof of Theorem 13.11 

We will first give the proof of existence and then the uniqueness one. 

3.3.1 Existence 

The proof of existence is performed in two steps. First we begin by proving the theorem under the 
additional assumption (13.291) . then in the second step we show how to dispense with it. 

Step 1. Let V = {D t ] t £ [0,T]} £ C such that t <->■ D t is continuous with respect to the Hausdorff 
metric <5. We make the additional assumption (13.291) . 

Let us define, for every j £ N, { D 3 ; t £ [0, T]} the discretization of {D t \ t £ [0,T]} by setting 





where 


<7 q = 0 and 



By the continuity of t >->• D t , we get that 


sup d(D 3 ,D t ) —>• 0, P-a.s as j —> oo. 
t<&i. 


Thus, for every e > 0 letting j goes to infinity we obtain 



Consequently, 


sup <5(14;?, Dj) —>• 0 in probability as j <->• oo. 

t<T 


(3.37) 
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Using (13.371) and assumption (HA), one can find a sufficiently decreasing sequence rjj 4, 0 such that the 
following sequence {A.,} defined by 

A j = inf {i; dist(A t , dD J t ) < 5j } AT, j £ N, 


such that P(Aj < T) —> 0. By Lemma 12.41 and Theorem 13.61 for each j £ N there exists a solution 
(Y J , Z J , V 3 , K J ) of RBSDE in the stopped time-dependent region V 3 ' X j = (T/P- 7 = T^ aA ; t £ [0,T]} 
with terminal value f 7 = Ii D j (£). Set A J t = A Aj , t £ [0, T], and observe that inf dist(Ai,dD{) > Sj > 0. 
Since for any predictable locally bounded process H, 

^(H s ,dAj s )^=^(H s ,dA s )^ , 

it follows from Lemma 12.21 that there is c > 0 such that ||AA||g 2 < c||A.||g 2 , j £ N. Hence, by Lemma 
m there exists C > 0 such that for every j £ N, 


E 


C 


sup |U/| 2 + 
0 <t<T 


‘ ds + [ [ \V s j (e)\ 2 X(e)(ds) + [ dist(yU s , dD{) d\K j 

Jo Ju Jo 


E le| 2 +/ l/( s > 0,0, 0)| 2 ds ] + 


For every e > 0 there is M > 0, a stopping time <7,- < T and jo £ N such that for every j > jo, 


F(aj<T)<e, \K 3 \ aj < M. 


(3.38) 


Indeed, by (H4) there is (3 > 0 such that P 


inf dist (A t ,dD t ) < 5 

t<T 


< e/4. On the other hand, by 


(13.37[) . there is jo such that for j > jo, P 


sup 5(D J t ,D t ) > /3 

t<T 


< e/4. Therefore for every j > jo, 


inf dist (A J t ,dDl) < ft ) < 


inf dist (A t ,dD t ) < 2/3 

t<T 


+ P sup 6(D{,D t ) > /3 

\t<T 
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Set c = C (E(iV 2 + | f(s, 0,0, 0)| 2 ds ) + || A||g 2 ), M = (2c)/(e/3) and aj = inf{f; \K 3 \t > M} A T. If we 

set also a = aj A aj +k A A j , then by Lemma 13.31 


E (sup \Y t j - Y t j+k \ 2 + r \\Z 3 -Z 3 + k \\ 2 ds + [ r\Vi{e)-Vt\e)\*\{e){ds) 

\t<0 Jo Ju Jo 


< C(E(\Y 3 -Y 3+k \ 2 + 5(D 3 s ,D 3 + k )d(\K 3 \ s + \K 3+k \ s ) 


< C ( E|£ J — £ 3+k \ 2 + 2eN 2 + 2M min ( sup 5(D 3 s ,D 3 s +k ), N 


Since, lim sup E\^ — ^ +k \ 2 = 0 and by (I3.37p . 

jM-OO k 


lim supEmin ( sup 5(D 3 S , D 3 s +k ), N ] = 0, 

k \s<T J 

it follows that {(Y 3 , Z 3 , V 3 . A’ J )}jeN is a Cauchy sequence in S x M. x C x <S C . Its limit (Y. Z, V, K) is 
a solution of RBSDE (12.41) . 

Step 2. We will show how to dispense with assumption (13.291) . Set A j = inf < t > 0 : sup |.A S | > Nj > AT, 

l s<t J 

j £ N, where Nj f oo and 

Df = D^nB(A^,Nj), t £ [0,T], 

Clearly D 3 t C B(0,2Nj) and P(Aj < T) < P(sup t<T \A t \ > Nj) J, 0. By Step 1 for each j £ N there 
exists a solution (Y 3 , Z 3 , V 3 , K 3 ) of RBSDE in { D 3 t ; t £ [0, T]} with terminal value t; 3 = 11^ (£). Set 
A{=A?,t£[0,T\. 

A t , if t < Tj, 

0, otherwise. 


Al = 


Since, by Lemma [2~2l there is c > 0 such that || 2 4- J ||g2 < c||Al||g 2 for j £ N, using Lemma [3721 we obtain 


E (sup|y/| 2 + f ||^|| 2 d S +/ [ \V 3 (e)\ 2 X (e)(ds)+ [ dist(^, dD{) d\K 3 \ s I 

\t<T Jo Jo JU Jo J 

< c(e(\h\ 2 + £\f(s,0,0,0)\ 2 ds^J + \\A\\ B ^ . 

Set Tj k = inf {t; sup s<t |y/ +fc | > 2Ac, } A T for j, k £ N and observe that by Tschebyshev’s inequality, 
P(D,fc < T) < P f sup|F/ +fc | > 2Nj j < (2Nj)~ 2 C (e (|£| 2 + £ \f(s, 0,0, 0)| 2 ds) + P|| s2 ) , 
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which implies that lim supP(r 7 < T) = 0. Applying Lemma 13.31 for the stopping time r 7 *. yields that 

k ’ 


< 


E sup \Y t j - Y t j+k \ q + r k \\Zi-Zt k \\ q ds+ r k [ \Vi(e)-Vj +k (e)\ q \(e)(ds)\ 

\t<Tj,k Jo Jo Ju ) 

CE (\Yl h - Yi+ k \« + £ \U D jY s j+k ) - Y s j+k \ d\K% + £ - F'| d|^'+*|, 

Since F/ G Dj +k for t € [0, T] and F J ' +fe e !>( for t < Tj^, we deduce from (13.391) that for q < 2, 

E( sup |Y/-y^+ P’V|-^+ fe rd s + P' fc [ \vj(e)-Vi +k (e)\*\(e)(ds)] 

J 0 J o J u J 

< C 1 (e|£* - e i+fc | 9 l{r ilfc = T} + £? [|Y4 - l^+ fc |«l{r iifc < T}]) 

< C (W - £* +fc | 9 + (E\Yi. k - F^pl 2 ) § (P{t,-* < T})' 


2- 9 


Hence, the following holds for q < 2, 


lim supE 

J'^oo k 


sup \Y t j - Y t j+k \ q 


t<a 


= 0, 


from which we deduce that {(F- 7 , V J , K J )}j e ^ is a Cauchy sequence in 5 x M x £ x S c . Using 
standard arguments, as in the proof of Theorem 13.61 one can show that its limit (F, Z, V, K) is a solution 
of RBSDE (12.41) . This ends the proof of the existence part. ■ 

Remark 1 Mimicking the same argumentation as in Step 2 of the above proof, one can dispense 
similarly with assumption (|3.29l) in the proof of Theorem 13.61 That is, one can show the existence of a 
unique solution of RBSDE (12.61) in V under only (HI*) — (HA*). ■ 

Remark 2 As noticed in [8, Remark 3.9], one can use in Step 1 of the proof of Theorem 13.11 stopping 
times aj defined as follows: For j E N, Cq = 0 and 

°i = iPi-1 + a i) AT, ieN, 


where a\ E [j> j]- This is due to the fact that, even if we use this sequence of stopping times to define 
the process , then convergence (13.371) still holds true. This remark will be used in Section 4. ■ 


Next, we will show that the solution of RBSDE in T> is unique under assumptions (H1)-(H4) made 
on the data £, / and V. 
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3.3.2 Uniquenesss 


Let (Y, Z, V, K ) and (y' } Z', V', /Z) be two solutions of RBSDE Q. Set, Y = Y - Y\ Z = Z - Z\ 
V = V — V' and K = K — K'. Then applying Ito’s formula to |Yj| 2 we get 




\Z s \fds + 


it Ju 


\V S \ 2 p(de,ds) 


= 2/ (Y s ,f(s,Y s ,Z s ,V s )-f(sX,Z'sX))ds- 2 ( Y s ,Z s dW s ) 


-2 


[ T [ {Y s _,Vs(e)Hde,ds) + 2 f (Y s -,dK s ). 

Jt Ju Jt 


Since I\ s is continuous, then it holds that: 

rT 


(3.39) 


(3.40) 


(3.41) 


[ (Y s -,dK s ) = f ( Y s ,dK s ), a.s. 

Jt Jt 

On the other hand, inequality (j2.5|) leads to 

J T {Y s ,dK s ) <0. 

Now, rearranging (13.391) in view of (13.40(1 and (13.411) then taking expectation leads to 

E\Y t \ 2 + E[ \\Z s fds + E [ [ \V S \ 2 \(de)(ds) 

Jt Jt Ju 

< 2E/ (Y s ,f(s,Ys,Z s ,Vs)-f(sX,Z'sX))ds, 


since f 0 (Y s , Z s dW s ) and f Q f ( j{Y s . V s (e))u(de, ds ) are uniformly integrable martingales. Next, using the 
Lipschitz property of / we obtain 


E 


\Y t \ 2 + 


[ T \\Z s \\ 2 ds+ [ T [ \V S \ 2 X(de)(ds) 

Jt Jt Ju 


< 2CE / |y s |(|y s | + ||z s || + \v s \)ds 


< (2 c + Ca 2 + Cf3 [ 


ri 

!,E i 


c 


\Y s \ z ds + ^E II Z ; 


of 


2 ds + ^E [ T [ \V s \ 2 X(de)(ds), 

P Jt Ju 
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where, a and /3 are nonnegative constants. Now, if we choose w.l.o.g that then it follows 

that 


E 


I Y t \ 2 + 


[ \\Z s \\ 2 ds + \V s \ 2 X(de)(ds) 


< (2C + Ca 2 + C/3 2 )¥, / \Y S \ 2 ds. 


Using Gronwall’s lemma and the right continuity of Y) we get that for every t € [0, T] Yf = Y(. 
Consequently, we have also that for every t € [0, T] Z t = Z[ and Vt = V( a.s. Furthermore, by RBSDE 

(12.41) we deduce that for every t € [0, T] Kt = K' t a.s., whence the uniqueness of the solution of RBSDE 

(12.41) . This completes the proof of the uniqueness part, as well as the proof of Theorem 13.II ■ 


4 Approximation by penalization of solutions of RBSDE (12.41) 


In this section we consider approximation of solutions of RBSDE (12.41) by the penalization method. The 
approximation scheme is defined as follows: 

For n £ N, we have 


f(s, Y s n , Z?, V?) ds - ^ Z n s dW s 

~ [ T [ Vme)u(de,ds) + K^-iq, (4.1) 

Jt Ju 

where 

K? = ~n f(Y?-Il Ds (Y?))ds, t e [0,T], (4.2) 

J o 

Note that K n is a continuous process of locally bounded variation. In fact, setting as in Lemma 12.41 
some stopping times oo = 0 < oq < ... < <Tfe + i = T, and D°, D 1 ,. .., D k some random closed convex 
subsets of JR m with nonempty interiors such that D l is J- ai -measurable. Then, on any interval [cr* _1 , a t ), 
i = 1,..., k, the triplet ( Y n , Z n , V n ) is a solution of the classical BSDEs with Lipschitz coefficients of 
the form 



Y t = n D 


(^,0 + [ /(«. Z™, V s n ) ds - £ 


Z s n dW s 


VP(e)u(de, ds) — n I (Y? - U Ds (Y s n )) ds, t G [cr”’* -1 , a”’*). (4.3) 
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First, we give precise estimates for solutions of the penalized BSDE (14.11) . Then, we will tackle the 
problem of approximation of solutions of local RBSDEs of type (14.31) . which is done in Subsection 5.2. 


4.1 A priori estimate 

Lemma 4.1 Assume (H1)-(H4). If (Y n , Z n ,V n , I\ n ) is a solution of (14. ip such that Y n £ S 2 . Then, 
there exists C > 0 depending only on the Lipschitz constants and T such that 


E 


sup ii; n i 2 + 


t I 1 / ll^s 

0 <t<T JO 


[ T \m\ 2 ds+ [ T [ \Vp(e)\ 2 X(e)(dt 

Jo Jo Ju 


+ sup |A”| 2 + / dist(A s dD s ) d\K T 
o <t<T Jo 


< C 


E 


(l£l 2 + f \f(s,0,0,0)\ 2 ds 


+ 


B 2 


Proof. The proof is obtained by repeating step by step arguments from the proof of Lemma 13.21 The 
only difference lay in obtaining a similar estimate of (13.51) . To be more precise, we have to show that 

/Vs" - As, dKg) < - f dist(A s , dD s )d\K n \ s . 

Jo Jo 

Note that by Lemma l2.ll (c) combined with (14.21) . we get 

f(Y?-A s ,dKf) = n f(Y?-A s ,{Il D (Y?)-Y?))ds 

Jo Jo 

< ~n [ dist(A s ,9L> s )|n D (y s n )-T s n | 

Jo 

< ~ [ dist(A s , dD s )d\K n \ s , (4.4) 

Jo 

which shows the desired result. ■ 

Let V = {D' t ,t £ [0, T]} be another family of time-dependent convex domains with nonempty 
interiors satisfying (H4) with some semimartingale A'. Let us consider RBSDE in V of the form 


Y ; n = e 


'+ f T f(sX n ,Z'f>X n )ds- [ T Z' s n dw s 
Jt Jt 


+K ’n_ K 'n_ / / vXeHXds), 

Jt Ju 


(4.5) 


where 


K n 


—n 



U D ,(Ys n ))ds, t £ [0, T]. 


(4.6) 
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Lemma 4.2 Let ( Y n ,Z n ,K n ), (Y' n ,Z' n ,K ,n ) be solutions of (14. lj) and (14.51) . respectively, such that 
Y n , Y’ n £ 5 2 . Set Y n = Y n - Y’ n , Z n = Z n - Z’ n , V n = V n - V ,n and K n = K n - K' n . If f satisfies 
(H3) then for every q £ (1,2] there exists a constant C > 0 depending only on the Lipschitz constant 
and T such that for every stopping time a such that 0 < a < T, we have 

E (sup \Y t n \ q + £\Y a n r 2 l { y pm \\zn 2 ds + £ ^|y"_r- 2 U {> - 7 _^o } l^(e)| 2 A(e)(d S )) 

< CE^\Y?\« + £ \Y s n r 2 \U Ds (U D ,(Yf n )) - Il D , (Y? )| d\K n \ s 

+ £ \Y s n r 2 \n D ,(n Da (Y s n )) - n Ds (Yfi)\d\K' n \ s \ 

Proof. The proof can be obtained by repeating step by step the proof of Lemma 13.31 except for an 
analogue of (13.221) which is the only difference. In fact, it suffices to apply Corollary 12.11 to \Y n \ q for 
q £ (1, 2], to obtain 


KIJ’ + AA f° IU n r 2 l(f~^)l|Z."l| 2 * + ^h ? 4) [’ I^Y, n _\ q - 2 l ( Y P _ m ]V,\ 2 p(ie,i,) 


' tAcr 


' tAcr . 


< i y?\ q +q [ a i j( S , y:\zi\v?) - f(sx\z' s n x n ))ds 

J tA<J 

-q r | Y 3 n r 1 {sgn(Y a n ),Z^dW 8 )-q r [ \Y?_\^\sgn{Yfi_fiK{e))u{de,ds) 

J tAcr J tAcr J U 


+q / | Yfir\sgn(Yp),dK2). 

J tAa 


(4.7) 


Note that, 

f \Yfiy-\sgn{Yfi),dKf) = f \Yfi\ q - 2 \ {Y ^ Y ,^Yfi ,dK^). (4.8) 

J tAa J tAa 

Now, we focus on the last term of the right hand side of the above inequality. Actually, we have to show 
that 


(Y?,dK?) 

< liWiwyf)) - n D ,(Yf n )\d\K n \ s + |n™(n D .(y a ")) - n D ,(Y?)\d\K h 


Note that, the above estimate is an analogue of (13.221) . To see this, we first observe that 


C y s n , dKf) = (Yfi - U Ds ( Y? ) + n™ (Yf n ), dK?) +(U Ds (Y s n ) - II™ ( Yf n ),dK ?> 


<o 


< (U Ds (Yfi)-U D/ (Yf n ),dKf), 


(4.9) 
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because 


<■ y, T - n Ds 0T) + n D , (Y' n ),dK™) 

= ~n(Y s n - U Ds (Y s n ) + U D ,(Y' n ),Y s n - I l D .{Y?) + H D ,(Y' n )) ds 
= -n\Y s n - n Ds (y s n ) + n D , QT 1 )! 2 ds < o. 


But, 

(n Ds (Y s n )-n D ,(Y; n ),dK2) = <n D .(i7)-n^(0.^> + (n 0 .m-n iy .(i;n-^>- ( 4 -io) 
By Lemma EjJb), 

(n Da (Y s n )-n D ,(Yn,dK?) 

= -n(U Da (Y s n ) - n Ds (U D , (Y?)),Y? - (*?)> ds + (B Ds (U D , (Y»)) - U D , (Y^),dJC^) 

< (n D ,(n D ,(Y 8 fn )) - n D i g (Y' n ),dKs)- ( 4 . 11 ) 

Treating (IId s (4T) — II pi (Y' n ), —dK' s n ) similarly, then combining the estimate obtained together with 
(14.91) . (14.101) as well as (14.111) . we obtain the following relation 

(Y?,dR?) 

< in Ds (u d ,(yD)) - n D , a (Y' n )\d\K n \ s + \n D , (n D .(i?)) - u Ds (YD\d\K' n \ s , ( 4 . 12 ) 

which is the desired result. The details of the rest of the proof are left for the reader. ■ 


4.2 Local RBSDEs 

In this subsection, we will approximate solutions of local RBSDE (12.61) by the penalized scheme defined 
below. 

Let r, a be stopping times such that 0 < r < a < T, and D an T r -measurable random convex set with 
nonempty interior and let £ £ L 2 be an Jv-measurable random variable. We consider equations of the 
form 


Y t n = 


( + f(s,Y s n ,Z2,V s n )ds 


- Z2dW s + K2-K?- 


it Ju 


[ VP(e)v(de, ds), t€[r, cr], (4.13) 

Ju 


where 


A? = -n 


J t (Y?-U D '(Y?))ds , te[r,a\. 


(4.14) 
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Next, we establish a priori estimates for the solutions of local BSDEs (14.131) . We refrain from giving 
the proofs of the following Lemmas, since they can be obtained respectively by mimicking the same 
argumentation as in Lemmas 14.11 and 14.21 


Lemma 4.3 Assume (H1*)-(H4*) hold. If (Y n , Z n , V n , K n — Kf) is a solution of (14.131) such that 
sup T<t<CT | Y t n | £ L 2 then there exists C > 0 depending only on the Lipschitz constant and T such that 


e sup |y/r + 

KT<t<(T 


< cm 


\\z^\\ 2 ds+ r [ \V s n (e)\ 2 X(e)(ds) + f° dist(A a , dD s )d\K n \ s /H, 
Jt Ju Jt 

ICI 2 + W 2 + f \f(sM0)\ 2 ds/r 7 


Let D' be another family of Tv-measurable random convex set with nonempty interior and let J £ L 2 
be an Tv-measurable random variable. We consider equations of the form 


Y t m = C+ 

where 


r f(s, Z ?, V?) ds- r Z' s n dW s +K'?-K[ n - r / V^eMde, ds ), t £ [r, a], (4.15) 
J t J t J t J u 


K' t n = -n (Y' n -U D ,(Y^))ds, t £ [r, a]. 


Lemma 4.4 Let (Y n , Z n , V n , K n ), (Y' n , Z' n , V' n , K ,n ) be solutions of (14.131) and (14.151) . respectively, 
such that Y n , Y' n £ 5 2 . Set Y n = Y n - Y ,n , Z n = Z n - Z' n , V n = V n - V ,n and K n = K n - K ,n . If 
f satisfies (H3) then there exists C > 0 depending only on the Lipschitz constant and T such that 


< 


e( sup \Y t n \ 2 + rm\ 2 ds + ^ f \V s n (e)\ 2 X{e){ds)/F r \ 

\r<t<(7 Jt Jt JU J 

ce(\z\ 2 + sup |n Dt (n D /(y/ n )) - n D /(y/ n )| \K n \ a r 

V T<t<a 


+ sup \U D ,(U Dt (Yn) -n Dt (Y t n )\\K'T T /T T 

T<t<(T 


Next, we state a result on approximation of local RBSDE (12.61) by the penalized BSDE (14.131) . 

Proposition 4.5 Assume that (HI*) — (Hi*) and (13.291) are in force. Let (Y n , Z n ,V n , K n ) be solution 
of the penalized BSDE (14.131) . and (Y, Z, V , K) the unique solution of the local RBSDE (12.61) . Then the 
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followings convergence hold 


sup \Y t - Y t n \ 2 -> P 0, 

T<t<(T 


, r \\Z a - Z ™|| 2 ds 0, r [ \V a {e) - V n (e)\ 2 X(e)(ds) 0, (4.16) 

JT Jr Ju 


and 


sup | K t — K t 


n |2 


o. 


(4.17) 


T<t<a 

Proof. To prove these convergence, we shall first consider the particular case where D is nonrandom, 
then we will treat the general case where this time D is a random time-dependent convex domain. 
The particular Case: D is fixed and nonrandom. 

We first assume that D is nonrandom, i.e. D = G, where G is some fixed convex set with nonempty in¬ 
terior. Set g(s, •, •, •) = f(s, •, -)l[o ifT [(s). By [12, Theorem 2.1] there exists a solution (Y n , Z n , V n , K n ) 
of the following RBSDE in G 


Y t n = C+ f g(s,Y a n ,Z?,V?)ds- f 
Jt Jt 


Z™ dW s + Kf. — Kf — / V s n (e)v{de,ds), t € [0, T\. (4.18) 

Jt Ju 


Moreover, (Y n , Z n , V n , K n ) converge to (Y, Z,V, K) in S 2 x jY[ d - 2 x T 2 x S 2 as n goes to oo, where 
(Y, Z, V, K) is solution of the following RBSDE in G 


Y f = 


(+ [ g(s,Y s , Z S ,V S ) ds — f Z s dW s + K t — K t — f [ V s (e)u(de, ds), te[0,T}. 
J t J t J 0 JU 


Furthermore, since Yf 1 = Y t = £, Z " = Z t = 0, V t n = V) = 0 and KJf = Kff for t > a, it is clear that for 
any r < a the triple ( Y n , Z n , V n , K n — Kf) is also a solution of the local RBSDE (14.131) on [r, a\. We 
deduce also that ( Y n , Z n , V n , K n ) converge in S 2 x M d ’ 2 x C 2 x S 2 as n goes to oo, to the solution of 
the local RBSDE on [r, a] and which has the following form 


Yt = c + / f(s, Yg, Z S ,V S ) ds - I Z s dW s + K a - I<t - I I V s {e)i /(de, ds), t € [r, a]. 

J t J t J t J u 

The general case: D is random and time-dependent. 

It is well known that in the space C fl 5(0, IV) there exists a countable dense set {G\,G 2 , ■ ■ ■} of 
convex polyhedrons such that Gi C 5(0, iV), i € N. By what has already been proved for each i £ N 
there exists a solution (Y),Zj,V),/\j) of the local RBSDE in Gi with terminal value Q = nc^C). Set 
C{ = {p(Gi,D) < 1/j} and 


j; 


Cl = {p(Gi,D) < 1/j, p(Gi,D) > 1/j,..., p(Gj _ i , D) > 1/j}, i = 2,3,... 
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Furthermore, for j G N set 


C j Vn f .( C )i r ,, I).i ^('1 


cl 


2—1 


2 — 1 


Since Cj € T r for z G N, (Y 3 , Z 3 , V 3 ,K 3 ) = X^i(^; %ii V, Ki)l r j is a solution of the local RBSDE i 

V'i 

D 3 with terminal value . Set 


A 3 


A, if dist(j4,9-D) > 1/j, 

a,i G IntGj, if dist(A, dD ) < 1/j and _D J = Gj, z G N, 


and observe that K^l < A?" and |yF| < N, j G N. We will approximate (Y n ,Z n ,V n ,K n ) solution of 
RBSDE ll4d8H in D by (Y j ’ n , Z 3 ’ n , V j ’ n , K 3 ’ n ) solution of the following local BSDE on D 3 


rr = C + 


where 


[ f (v Y l 


n z j,n 5 yj,n ) ^ _ 


It JU 


V s (e)i/(de, ds ) + AT/’ n - K 3 t ’ n , t € [r, <r], 

(4.19) 


K 3 ’ n = -n 


■J (Y^ n -U Dj (Y 3 ’ n ))ds, te[r,a}. 
By Lemma 14.31 we have the following estimates of the solutions 


E( sup |F/’T+ / ||^’l 2 d S + 

vr<t<cr Jr 


\Vr{e)\ 2 \{e){ds) 


w 


< C 


N 2 + E^J° \f(s, 0,0,0)| 2 ds/JF T 


(4.20) 


and 

A ^ 2 + |/(s, 0 , 0 , 0)\ 2 ds/T T 

Using the first part of the proof we have that, for every j G N 

(yj>, (yj, Z j, yj K j j in 5 x A4 x C x 5 C as n ->■ 00 , (4.22) 

where (W, V 3 ,K 3 ) is solution of the local RBSDE in D 3 with terminal value 

Since P(dist(j4, <9D) > 1/j) | 1 and dist( J 4 JI , dD 3 ) > dist(j4,9D) — 4 if dist(^4, dD) > 4, then 

{E (\K 3,n \ a r /F t ) , j G N} is bounded in probability. (4.23) 



E(\K 33 X/^t) < c 


inf dist (A 3 t ,dD 3 ) 

r<t<a 
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By Lemma 14.41 we have 


E sup \Y t n - Y t °’ n \ 2 + / ||Z s n - Zf n \\ 2 ds + 

KT<t<(T 


[ 


|yT(e)-W-"(e)| 2 A (e)(ds)/r T 


< c 
c 


e(|C - C’lV-Tv) + 6{D,Di)E(\K n \" + \K j 'X/Fi 


4 + ?E( \K n \" + \K^ n \%/^ 
r 3 


(4.24) 


since |Q — C J,+ *| < 4 and 5{DRD^ +l ) < 4. By Lemma l4~3l we have 


E {\K n \f / IF T ) < C inf dist(A t ,3A) 

, T<t<CT 


-1 


A *" 2 + E^ |/(s, 0 , 0 , 0)\ 2 ds/J r r ^j 


(4.25) 


Having in mind that, on the set {dist (4, dD) > 4} we have that dist(4 J , ctD J ) > dist(4,<9D) — A. This 
implies that inf dist (ATdDi)) > inf dist (At,dDt ))— 7 . Then, combining the above with estimate 

T<t<a T<t<cr j 

(14.211) yields that 


E (| K j ’ n \°/T r ) <c(^ inf dist (A t ,dD t ) - 


-l 


iV 2 + E / |/(s, 0 , 0 , 0 )| 2 ds/j; 


(4.26) 


Since P(dist(4, ctD) > 1/j) f 1, then combining 1)4.241) together with (14.251) and ()4.26l) yields, for every 
e > 0 


lim limsupP 

ji-^oo ni_>.oo 


e( sup \Y t n -y />| 2 + [ \\Z™ - Zf n \\ 2 ds 

' T<t<(7 JT 

+ jT J ICW - W-”(e)| 2 A( e )(*) | A>) > e 


= 0 . 


(4.27) 


On the other hand, noting that by Theorem 13.61 the following convergence holds 


(' Y j , Z j ,V j ,K j ) -> (Y. Z, V, K) in S x M x £ x S c as j ^ oo. 


(4.28) 


Finally, using (14.221) and (14.271) as well as (|4.28[) ends the proof. 


Proposition 4.6 Assume (H1*)-(H4*). Let 0 = ctq < a± < ■ ■ ■ < Uk+i = T be stopping times and 
let D°, D 1 ,..., D k be random closed convex subsets in M m such that D i is T a ^measurable and there 
is m € N such that D 1 C B{ 0, N), i = 1,... , k. Let (Y, Z, V, K ) be a unique solution of RBSDE (12.4(1 
in {D t \ t £ [0, T]} such that D t = D* _1 , t £ [<7 j_i,<7i[ ; i = 1,..., k + 1, and let (Y n ,Z n ,V n ,K n ) be a 
solution of (14.11) . Then 

( Y n , Z n , H n , iT n ) -> (Y. Z,V,K) in SxMxCx S c . 
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Proof. By Proposition 14.51 we have the following relations 


sup I Y t n - Y t I 0, [ T II Z? - Z s || 2 ds ^p 0, [ T [ 114(e) - V n (e)\ 2 X(e)(ds) 0 

^ ®k ^(Tfc ^U 


and 


Since 


sup 

*k<t<T 


n 


f (y? - n D * (y, n )) ds - (K t - K Uk ) 

■>a k 


0 . 


Y n = 

<?k 


U Dk -i(Y? k ), if dist (D k ,D k ~ l ) > 1/n ,n > N, 
Y ™, otherwise, 


it is clear that Y™ k -» P = Y ak . 

Similarly, if Y™ —>• Y ai for i = k, k — 1,..., 1 then by Proposition 14.51 


sup \Y t n - Y t \ -> P 0 

(7i — l <t<(Ji 


J (T-i—1 


| Z™ — Z 8 \\ ds —>-p 0, 


'<x»-i Ju 


\V s (e)-V n (e)\ z \(e)(ds) ^p 0, 


and 


sup 

CT{—1 j 


n 


f (Yg L ~ n D fc(P s n )) ds — (K t — K ail ) 
J (Ti — 1 


0 . 


Consequently, PJ*_ 1 —tp lij^i^iY^^) = Y aiX for i >2. Using backward induction completes the proof. 


Next, we give the main result of this section. 

4.3 Main result 

Theorem 4.7 Assume (H1)-(H4). Let (Y n ,Z n ,V n ,K n ) be a sequence of solutions of (14.11) . and let 
(Y, Z, V. K) be the unique solution of RBSDE (12.41) . Then, the following convergence holds 

(y n , Z n , V n , K n ) ^p (y, Z,V,K) inSxMxCx S c . (4.29) 

Proof. The proof is performed in two steps. 

Step 1. As in the proof of Theorem 13.ll we first assume additionally that (13.291) is satisfied. For j E N 
set (Jjfl = 0 and 

aj = (aj^+aj) AT, ie N, 
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where a\ £ [A, j] is a constant chosen via the following procedure. Suppose that r = ct^_ 1 is such that 
r + A < T. By Lemma 14. II there is c > 0 such that, for every n £ N 



E(dist(^ r+S , dZ) T+s )|y r n + , 


U Dr+s (Y T \ s )\ds < E [ T di S t(A s ,dD s )\Y?-Il Ds (Y s n )\d S 

Jo 

< cn~ l . 


Therefore we can find s £ [l/j,2/j\, which we denote by aj, such that E(dist(.A T+a , dD r +s)\Y t \ s - 
nD T+s (X+J| ->■ o as n ->• oo. Since dist(^4 T+s , dD r+s ) > 0, Y™ +s - n£> r+s (T^J -»p 0 for s = aj. It 
follows that the stopping times aj have the property that 


Y n 

Gj,i — 1H ~^i,j 





j,i e N. 


(4.30) 


Now let us define = {Dj; t £ [0,T]},£ J ', A* = {Aj.; t £ [0, T]} as in Step 1 of the proof Theorem 13. 11 
so we have |£ J | < N and \A t \ < N, j £ N. Let (YJ n , Z J,n , K 3 ' n ) denote the solution of the BSDE 


Y t j ’ n = e+ [ T f(s,Yi’ n ,Zj’ n ,V s i’ n )ds- [ T Z{’ n dW s - f [ V/’ n (e)is(de, ds)+K^ n -K^ n , t £ [0,T\, 
J t J t J t J u 

(4.31) 


where 


I<r = -n 


, f{Yr-Y DJ (Yr))ds, t £ [0, T]. 

Jo s 

By Proposition 14.61 we deduce that for any j £ N 


(Y j ’ n , Z j ’ n , V j ’ n , K j ’ n ) -£ (Y j , , V j ,K j ) mSxMxCx S c 


(4.32) 


where (EL Z 3 , V 3 , K 3 ) is a solution of RBSDE in T>J with terminal value £L By Lemma 14.11 there 
exists a positive constant C > 0 such that for j,n £ N 


E 


sup |y/’T + [ T \\zn\ 2 ds+ ft \vj’ n (e)\ 2 \(e)(ds) 
<t<T Jo Jo JU 

r T 

+ sup \Kj ' n \ 2 + / dist(A^ , dD 3 s ) d\K 3,n \ s 
0 <t<T Jo 


< c 


E(lV 2 + £ \f(s, 0,0,0)| 2 ds) + \\A\\% 2 
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Consequently, by the same arguments as in the proof of Theorem 13.11 we deduce that for every e > 0 
there exist M > 0, stopping times cr™ < T and jo € N such that for every j > jo and n G N, 

P(<r? < T) < e, \K j ’ n \ a n < M. (4.33) 

J J 


Similarly, by Lemma 14.11 we show that for every e > 0 there exist M > 0 and stopping times r n < T 
such that for every n € N, 

P(r n < T) < e, |lL n | r n < M. (4.34) 

Hence, using Lemma 14.21 for a = a™ A r n and g = 2, we obtain 


e sup if/’ - f"| + 


ir"Ar" 

\Fn|2 | / || ryj,n ryn ||2 


L t<CT^ /\T n 


P(Tj/\T 

/ ll^’ r 

Jo 


-Z™\\ z ds + 


w"Ar" 


'u 


\V™{e) ~ V 3,n (e)\ 2 \{e){ds) 


o-V-At 71 


< qK(|l/: Ar „-y ff V„| 2 + / 5{D 3 S ,D S ) d(\K 3,n \ s + |Lf n | s ) 


'o 


< CE ( |^' -C | 2 + 2eAT 2 + 2Mmin ( su P 5(D^,D s ),lV 


Since lim^oo supE ^- 7 — £| 2 = 0 and Esup t<T S(d{, D t ) 0 thanks to (13.291) . (13.371) as well as Remark 
k 

[2j Then, we deduce that 


lim limsupE 

j i-^oo n—>-oo 


sup \Y t n - Y t °’ n \ 2 + 


T<t<aV-AT n 
C(T?At' 


L 


crj Ar n 


\Z" - Zi' n \\ 2 ds 


rcr - At p \ 

+ J J \V s n (e) - V"\e)\ 2 \(e)(ds)j < 2CeN 2 . 


Furthermore, by the Step 1 of the proof of Theorem 13.11 and Remark [2J 


(4.35) 


(Yi,Z*,V*,Ki)^r (Y,Z,V,K) 


in S x M x C x S c , 


(4.36) 


where (Y. Z, V. , K ) is the unique solution of ([2.41) . Combining (I4.32|) with 111.351) and (I4.36|) we conclude 
that (Y n , Z n . V n , K n ) — >-p (Y. Z, V, K) in S x M x C x <S C under the additional assumption (13.291) . 
Step 2. In the general case we will use arguments from Step 2 of the proof of Theorem 13. II Let Nj, Aj, 
ZA 7 = {-//(; t 6 [0,T]},f 7 , A 7 = (3); f e [0,T]} be defined as in that step. Note that D J t C B(0,2Nj). 
Let (YJ’ n ,ZJ’ n ,K->’ n ) be a solution of (14.311) . From the first part of the proof we know that for each 
j € N, 

(Y j ’ n , Z j ’ n , V j ’ n , K j ’ n ) -»■ ( Y j , ,V j ,K j ) in S x M x £ x S c , (4.37) 
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where (TA Z 3 . V ] . iP) is a solution of RBSDE in with terminal value . By Lemma f4.ll there 
exists a positive constant C > 0 such that for j, n £ N 


E 


sup |lfT + / Vrn 2 *+ [ T f \V/’ n (e)\ 2 \(e)(ds) 

0 <t<T JO Jo Ju 

r T 

+ sup \K(’ n \ 2 + / dist(A^, dD{) d\K q,n \ 

0 <t<T JO 


C 


E 


N 2 + J \f(s, 0 , 0 , 0)| 2 dsj + 


Set Tj )n = inf{t; sup s<t | Y$' n \ > 2Nj} A T for j, k G N and observe that by Chebyshev’s inequality, 


P(Tj,fc < T) < P 


sup | Y t 3,r 
, t<T 


>2Nj \ < (2Nj)~ z C ( E ( |£ J '| 2 + / \f(s,0,0,0)\ 2 ds)+\\\A\\ n 2 


f 


which implies that lim^oo supP(r Jin < T) = 0. Applying Lemma [3731 for the stopping time Tj tU A A j, 

k 

yields that 


E sup | Y t n - Yp n |® + 


< C® ( |r"„ AAj - 


P 

Jo 

■f 


\Z n — Z hn \\ q 


in Dj Yn-Yr 


ds + ^ J^\V?(e) - Vr{e)\ q \{e){ds)\ 

f' r j,nAAj 

d\K n \ s + J \U Di (Y s n )-Y s n \d\K^ 


(4.38) 


Since Y t n G B(0,2Nj) for t < Tj_ n A A j, we may and will assume that Therefore, 

we deduce from (14.381) that for q < 2, 


E 


fTj >n A\j r T j,nA\j r 

sup \Y t n - Y j ’ n \ q + / || Z2~zr\\ q ds+ iVs n p)-Vp n (e)\ q X(e)(ds) 

TJ JO JO JU 


< CE|Y“ nAAj - >^ AJ y 

< c(E|£-{ 2 ri (rj „ Aij=T) +£ 

< c(E|f-e|» + E(|y”. AA . (p [rj.n a A, <t] 


\Y n — Y J 

' T j,nA\j Tj, n /\/vj 


A A q T qfl A A q Tj : n^\j<T} 


2-q 

2 


Thus, the following holds for q <2 


lim supE sup \Y t n 

j->°° n t<T j}rl A\j 


yj’ n 19 


= 0 . 
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As a by product, we get that for every e > 0, 


lim limsupPf sup | Yff — Y/ ,n \ + f ||Z" — Zf n \\ 2 ds 

j—>oo n—too \ 0 <t<T Jo 

+ [ ju l™ - V j ' n W\ 2 Ke){ds) >e)= 0. (4.39) 

On the other hand, note that by Step 2 of the proof of Theorem 13.11 the following convergence holds 

(Y j , Z j , V j , K j ) -> P (Y, Z. Y A) in S x M x £ x S c as j ->• oo, (4.40) 

where (Y, Z, V, K) is the unique solution of RBSDE (12.41) . Finally, using (14.391) and (I4.37D together with 
(I4.40p we deduce convergence (14.291) , which completes the proof of Theorem 14.71 ■ 
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